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Cutoff solitons and bistability of the discrete inductance-capacitance electrical line:
Theory and experiments
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A discrete nonlinear system driven at one end by a periodic excitation of frequency above the upper band
edge (the discreteness induced cutoff) is shown to be a means to (1) generate propagating breather excitations
in a long chain and (2) reveal the bistable property of a short chain. After detailed numerical verifications, the
bistability prediction is demonstrated experimentally on an electrical transmission line made of 18 inductance-
capacitance (LC) cells. The numerical simulations of the LC-line model allow us also to verify the breather

generation prediction with a striking accuracy.
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I. INTRODUCTION

The response of a nonlinear system to external driving is
an extremely rich problem with many interesting fields of
application, such as self-induced transparency in a two-level
medium [1], propagation of light pulses in waveguides [2],
stimulated Raman scattering in H, gas [3], transparency of
Bragg media in the gap [4], to mention a few. The variety of
predicted and observed phenomena comes from the various
choices of external excitations and the different natures of
intrinsic or extrinsic nonlinearities.

A fundamental class of interesting phenomena is the pe-
riodic driven boundary, which consists of exciting a medium
at one end with a periodic forcing. Such is the case, for
instance, of a chain of short superconducting tunnel junctions
coupled through superconducting wires, the so-called Jo-
sephson junction parallel array [5], where local excitation
(breathers) can be created and propagate down the chain by
exciting the first cell only. The periodic driven boundary can
also model a scattering problem such as, for instance, in
Bragg media (dielectric media with periodic index variation)
where the coupled mode approach maps the scattering prob-
lem to a boundary value problem [6].

Energy transmission in a nonlinear medium by a periodic
driven boundary whose period falls inside a forbidden band
gap occurs by means of generation of local structures (soli-
tons) and has been shown to be a universal phenomenon
called nonlinear supratransmission [7,14]. It has then been
demonstrated to successfully apply to the Josephson junction
parallel array [8] and to the Bragg gap soliton generation [9].

One result of the theory of nonlinear supratransmission is
a simple and explicit expression for the threshold intensity
above which transmission occurs. This knowledge allows
one to tune the driving such as to work right below transmis-
sion, and thus design a device (detector or switch) that will
respond to any weak superimposed signal, either by propa-
gating solitons (or breathers) in the long-line case, or by
bifurcating to an excited new state in the short-line case.

All these studies have been performed for systems with
band-pass-type dispersion laws, when the external driving
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frequency was chosen inside the lower forbidden gap, the
generated local excitations being thus called gap solitons. A
quite natural question then arises whether or not such a phe-
nomenon would still occur in discrete systems above the
cutoff. Indeed it is an intrinsic property of a discrete system
to possess a cutoff frequency in the dispersion curve (at di-
mensionless wave number k=), above which no propaga-
tion of a linear signal can occur. As a matter of fact it has
been demonstrated that a Fermi-Pasta-Ulam chain driven
above the upper band edge does possess a threshold of non-
linear supratransmission [10].

In view of experimental realization of nonlinear su-
pratransmission and bistability above the cutoff, we study
here a particularly interesting device made of a chain of
inductance-capacitance cells (LC) submitted to a periodic
voltage applied to the first cell. The nonlinearity is obtained
by using nonlinear capacitor and the system is known to
possess interesting properties as modulational instability and
soliton propagation [11]. The LC chain has a low-pass filter
type of dispersion relation (no band gap) and its discrete
nature induces an upper edge of the dispersion relation, the
cutoff, above which no propagation is allowed for linear
waves.

We first demonstrate that a long line submitted to periodic
forcing slightly above the cutoff, does present a threshold
amplitude (frequency dependent) above which solitons are
emitted and propagate along the line. A multiscale
asymptotic analysis of the model equations allows us to de-
rive the analytic expression of the threshold which is then
compared to simulations. The analysis is performed by seek-
ing the evolution equation for the envelope of a wave pre-
cisely at the cutoff frequency where the group velocity van-
ishes, a property that maps the boundary value problem for
the line to a well posed boundary value problem for the limit
model.

The existence of such a threshold of energy transmission
indicates that the system might present a bistable behavior,
which could then be experimentally realized on a short line.
Indeed we predict analytically the bistability by studying the
short line case where the other end of the chain is open. We
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FIG. 1. Standard discrete nonlinear low-pass electrical line.

derive explicit stationary solutions of the limit model and
check their validity on numerical solution of the LC-line sys-
tem. The predictions are then experimentally realized with a
chain of 18 cells where bistability is evidenced. We have thus
obtained the first experimental realization of nonlinear bista-
bility of a discrete system driven at a frequency above the
cutoff.

II. THE ELECTRICAL LC LINE

The standard nonlinear discrete LC line is a structure
made of elementary cells which consist of an inductance L, a
nonlinear capacitor C(V), and a resistance r, as represented
in Fig. 1. The resistance r accounts for the dissipation in-
duced by the inductance L in each elementary cell. The non-
linear element is a voltage dependent capacitor, the BB112
reversed-biased diode. Following Ref. [11] the capacitance-
voltage relationship is Taylor expanded to second order and
reads (see also Ref. [12])

C(V+V,)=CX[l-2aV,+38V], (1)

where V is the dc bias voltage. We shall operate around V
=2V, with |V,|<2 V, and

C=320pF, L=220u H,

a=021V7 B=0.0197 V2. (2)

Applying Kirchoff’s laws to this system leads to the follow-
ing set of propagation equations:

d2 r d 1
{; L }(v aVi+ﬁV2)=E(VM1+Vn_1—2Vn),
3)

for n=1,2,...N. The corresponding (linear, undamped) dis-
persion law of the elementary solution expli(kn—wt)] is
given by

2
w=w,sin(k/2), w, c’ (4)
where w, is the cutoff (angular) frequency.

In the case of negligible damping (r=0), we consider the
modulation (slowly varying in time and space) of a wave
which propagates at a carrier angular frequency w and wave
vector k. The solution to Eq. (3) is sought as the formal
series

V(1) = (& D)’ + (€, 7)e™]
+ [P, 1) +B(EDNH+ B (£,1e7 2]+ -+,
(5)
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T= €1,

where € is a small parameter and ' is the group velocity.
Substituting Eq. (5) into Eq. (3), the amplitude of the first-
order harmonic ¢ is found to obey the nonlinear Schrédinger
(NLS) equation [13]

=eln—w't), 0=kn - wt, (6)

Iy
z&—+P(w) P Y s o) iPy=0, (7)
with the coefficients
38w,
Ow)=a w<2 —2+— e 2), (8)
1 &zw [0}
Pl = =% ©)

The dispersion coefficient P(w) is thus always negative
whereas the nonlinear coefficient Q(w) can be positive or
negative. Consequently, depending on the carrier wave fre-
quency o, the NLS equation (7) can be either focusing or
defocusing.

III. THE BOUNDARY DRIVEN LINE

The case of interest here corresponds to a carrier wave at
the cutoff frequency w=w, (and thus k=k,.=), which will
then obey the nonlinear envelope evolution (7) with now
' (k.)=0 (vanishing group velocity) and the coefficients

IR L
Q(wc)_2w0(318 Za ), P(wc)_ 8 c* (10)

These two coefficients are both negative and lead to the self-
focusing NLS model

AN (22 =3B W¥=0, (11)
Vo T8 a2

where we have scaled off the small parameter € by the in-
verse transformation ey="V, ex=¢, €t=1 such as to have
everything written in physical dimensions. Note in particular
that the integer values of the variable x are simply n, the
discrete variable.

The fact that the group velocity vanishes is fundamental
for our task as indeed, the boundary driving of the cell n
=0 maps to a boundary value problem in x=0 for the NLS
equation. As a matter of fact, we submit one end of the
electrical line (n=0) to an external constant amplitude peri-
odic driving

Vo(t) = Vg cos(wt), o> w,, (12)

with a frequency slightly above the cutoff frequency. The
linear theory predicts an evanescent wave profile V()
=V, cos(wr)exp(—«n) with w=w, cosh(k/2).

In the nonlinear case, following [7], the linear evanescent
wave is replaced by the static breather tail that has the fre-
quency (synchronization) and the amplitude (adaptation) of
the driver. However the LC line does not support explicit
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known solitonlike solution (even in the continuous limit). We
thus apply the nonlinear supratransmission approach to the
NLS approximate description (11). From the relation

Vn(t) ~ ‘I’(n,t)ei(k""_w"l) + ‘If*(n,t)e_i(kf"_w"r) (13)

the boundary driving (12) maps to the following boundary
value problem:

1 )
W(0,1) = EVOe_""S’, w,+ 0w, = w. (14)

Driving the line above the cutoff (w>w,) means then
>0 and therefore the NLS equation (11) is also driven in the
forbidden gap.

We note moreover that the assumption of slow variation
(in time) leads to the proper definition of the small parameter
€ as the relative departure from the cutoff frequency, namely,
o,/ .= €, which by Eq. (5) also measures the precision of
the approximate expression (13).

The static breather solution of Eq. (11) that synchronizes
and adapts to the driving eventually reads

W (x,1) = Ae™ s sech[\ (x — x,)], (15)
, @ 1 ) o

A= \2287S (16)
w.2a° =36 W,

where the center x, is determined by the boundary condition
(14), namely, by the equation

1
A sech(\x,) = EVO’ (17)

which has a solution if V(;=<2A. This is the sought threshold,
reached at x,=0, which may eventually be written

V=4 — e (18)
0 (2a”-3p)

Driving the NLS equation by Eq. (14) with V,> Vy, produces
an instability that allows formation of moving solitons, and
thus energy transmission in the line. In the following section,
we compare the above analytical predictions with numerical
simulations.

IV. CUTOFF SOLITON GENERATION

We have carried out numerical simulations of the LC line
(3) with vanishing resistance r, submitted to the boundary
driving (12) to verify that (i) the generation of cutoff solitons
does occur, (ii) this generation is effective only if the ampli-
tude of the external driving exceeds the threshold given by
Eq. (18).

To this end, we have considered an LC line consisting of
2000 cells for a time of integration that avoids free end
reflections. The physical values are given in Eq. (2) and the
nonlinear capacitor is the BB112 reversed-biased diode
with the characteristics (1). The cutoff frequency is f,
=1.1997 MHz. The propagation equations (3) are integrated
by means of a fourth-order Runge-Kutta algorithm with a
time step dr=2/(200w,). The external driving is given by
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FIG. 2. Final state at time =5 ms of the electrical line for a
driving frequency of 1.2 MHz and amplitudes (a) 0.36 and (b)
0.37 V, both obtained for 2000 cells. The figure (b) shows energy

transmission above the threshold 0.37 V as predicted by expression
(18).

Eq. (12) after a transient sequence where V|, grows from a
vanishing amplitude to its maximum value so as to avoid
initial shock. The total simulation time f,,, is set to 5 ms.
Figure 2 shows the state of the electrical line at the end of
our simulations for two different amplitudes (0.36 and
0.37 V) and for a frequency of 1.2 MHz, for which the pre-
diction (18) gives here the threshold amplitude 0.38 V.

Thus energy propagates for a driving amplitude of 0.37 V
whereas 0.36 V produces an evanescent wave. The energy
transmission occurs by means of generation of localized
structures which propagate through the electrical line, and
confirms the existence of an amplitude threshold above
which cutoff solitons are generated. To distinguish the gen-
erated solitons, we compare on Fig. 3 the results of a numeri-
cal simulation of the electric line (3) (the driving signal is
spent off as soon as the first soliton is generated) with the
analytic expression of the moving soliton solution of Eq.
(11), namely, with

_2a cos[(8+k)n—(v+ w.)i]
= a1 — -]~ D

This is a solution as soon as the parameters obey
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FIG. 3. Comparison between a numerical simulation of the elec-
tric line (a)-(c) with the solitonlike solution (19) with parameters
given in Eq. (21) (d)—(f).
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which are determined by fitting the soliton velocity u/7y and
the phase v by synchronization to the simulations. The the
example displayed on Fig. 3 has been obtained for

= s, v= s,
w=18986 57! 20939 s~ (21)

and hence a=0.67 V, 6=0.062, and y=0.16. Initial time f,
and position n are then simply chosen for convenience.

We have carried out systematic simulations to determine
the threshold amplitudes at different frequencies in order to
compare with the analytical prediction (18). Figure 4 dem-
onstrates excellent agreement between numerical simulations
and analytical predictions, although the prediction is made
with the slowly varying envelope approximation.

An efficient diagnostic of the bifurcation from evanescent
regime to energy transmission by soliton generation is ob-
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FIG. 4. Comparison between numerical (diamonds) and analyti-
cal (dashed line) determination of the threshold amplitudes above
which cutoff solitons are generated.
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FIG. 5. Normalized energy flux (22) computed numerically on
system (3) (with N=2000) at cell i=90 for a frequency of 1.2 MHz
and (a) r=0, (b) r=5 Q.

tained by computing the normalized energy flux received at

site i, defined as
Imax V t 2
Equ = J <ﬁ> dt. (22)

The site i is chosen such that, in the absence of propagation,
the amplitude of the signal be nearly vanishing. Figure 5
shows the results at i=90 for a driving frequency of
1.2 MHz. There is an abrupt increase about V,=0.37 V as
expected from the theoretical threshold prediction 0.38 V
given by Eq. (18).

Dissipation effects are mainly due to the internal resis-
tance of the inductances, as represented in Fig. 1. Numerical
simulations have revealed that the presence of dissipation
causes the threshold amplitudes to increase significantly and
the energy transmission be more progressive as displayed in
Fig. 5(b). For instance, with the values r=1, 5, and 10 ) we
have obtained respectively (at frequency 1.2 MHz), the
thresholds 0.48, 1.29, and 1.92 V (instead of 0.38 V). As the
model (3) holds for amplitudes less than 2 V, we cannot
consider higher values of the resistance. However, although
dissipation largely limits the propagation of solitons in a long
line, a stationary solution may settle in a short line due to the
free end reflection. Then, a steady driving excitation may
well sustain those waves even with strong dissipation. There-
fore we consider hereafter the short-line case defined by a
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length which is less than a typical breather extension of
about 70 cells in our system.

V. BISTABLE SHORT LC LINE

Let us consider the LC line of N cells submitted to the
boundary conditions

Vo(t) = Vycos(wt), Vg (1) == Vy(1), (23)

corresponding to an open end last cell. Indeed, a carrier wave
at the cutoff frequency can be written (—1)" cos w,t and suc-
cessive cells work in opposition. The envelope of a carrier
wave at cutoff frequency obeys the NLS equation (11) with
now, from Eq. (13), the following boundary conditions:

1 . A%
W(0,1) = —Vye '™, —(N,t)=0, (24)
2 ox

where w,+w.=w.

We work out the explicit stationary solutions of the NLS
equation (11) submitted to the above boundary conditions.
The fundamental solutions, written in terms of Jacobi elliptic
functions, will allow us to prove the existence of bistability,
namely the existence of multiple values Vy(7), that we call
the output voltage, corresponding to a single input value
Vo(#) in a prescribed range. We shall then demonstrate by
numerical simulation that the LC-line model (3) excited as
indicated by Eq. (23), does lock to those analytical solutions.
The resulting prediction of bistability will be experimentally
realized in the next section with a line of N=18 cells which
is about one quarter of the typical breather solution exten-
sion. Note that bistability here is a nonlinear collective pro-
cess as each cell of the line is not a bistable oscillator.

Let us seek a stationary solution of Eq. (11) that synchro-
nizes to the driver frequency w, in the form

W(x,1) = ply)e™,
with a scaling of space such that ¢(y) obeys

P

Y P =yh y=
The solutions in terms of Jacobi elliptic functions whose
derivative vanish at the line end D defined by

y=2x\2a?-3p, (25)

W 2
— - (26)
w.2a" -3

D=2Nv2a2—3,8, (27)
can be written [15]
V(y) = Ajenlk(y - D), ], (28)
¢ (y) = Aydnl 5y - D), 2], (29)
Az
V)= —————, (30)
dn[x3(y = D), us]
with the following parameter values
2 Y 2 2 2
Ki=_—> s AT=2Ku, 31)
2ur—1
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A3 =2k, (32)

AT=25(1 - w3). (33)

As the above solutions guarantee, by construction, the syn-
chronization of W(x,7) to the driver frequency, we are left
with the adaptation condition of the amplitudes ¢/ to the
driver amplitude in x=0, namely,

. 1
#Y(0) = SVo =123 (34)

The three related output voltages amplitudes V;, defined as
the maximum value of Vx)(t), are then given from the three
constants A;’s by

, 1
Aj=¢(])(D)=EVj’ j=1,2,3. (35)

These are completely, and uniquely, determined from V,, as
described hereafter.

Writing explicitly the three relations (34) with convenient
use of the parameters definitions, we get

T
8yui | Dy
B cn 7 > .
2ui=1 [ \2u1-1

Vo= m] (36)

B —
8 DV
Vi= o dnd ”2,#2], (37)
2-py N2-w
V2=38 l_luéd _2|: DNy ] (38)
0: 7 n ’MS 0
243 V2- 413
while the relations (35) give us
v
vi= T (39)
2ur—1
8y
Vi= 5 (40)
2-p;
2
M3
Vi=8 ) (41)
2- 43

As the constants y and D are given from the line character-
istics and from the driving frequency, the remaining param-
eters u; can be eliminated from the above two sets of rela-
tions. This yields the three sought relations between the input
voltage amplitude V,, and the three output voltage amplitudes
V.

! Actually the relations (39)—(41) allow us to express ex-
plicitly the w;’s in terms of V;. As these parameters are the
moduli of the Jacobi elliptic functions, they must thus obey
O<,uj?< 1. Consequently the outputs V; belong also to a
given range and we eventually obtain

066604-5



TSE VE KOON et al.

1.4

I
1.21 T
I

hod
\
\
\
]
1
<

Output amplitude (V)
o
)

05 1
Input amplitude (V)

FIG. 6. Output amplitude values expressed in terms of the input
amplitude V, varying from Oto 1.4V for a frequency of
1.201 MHz. The dotted line stands for V3 expressed in terms of V|,
by Egs. (41) and (44). The full line is V,(V,)) given by Egs. (40) and
(43). The dot-dashed line represents V,(V) in Egs. (39) and (42).
The two circles at input amplitude 0.2 V show the values used to
draw Fig. 7 representing the related solutions.

V2 _
2 1 /
=———c[0,1]>V /8y,], 42
Iu’l ZV%_ Sy € [ ] 1 € [\ Y ] ( )
2V2-8 —
M= zv—zy e[0,1]1=V; e [Var\8y],  (43)
2
, 8y-2V; e
M3=—"—5 € [0,1] = V3 € [O, \"471 (44)

Reporting the above expressions in Egs. (36)—(38) give the
expression of Vj, in terms of the three V;’s in their respective
intervals. It is then just a matter of plotting the obtained
functions to get the bistability diagram, as can be seen in Fig.
6, obtained for the values in Eq. (2), for N=18 and a driving
frequency 1.201 MHz. In the parameter region under consid-
eration

y=0.0759 V2, D=6.14 cell V7" (45)

Figure 6 shows two possible values of the output voltage
for the same input voltage amplitude of 0.2 V. The branch
with negative derivative corresponds to an unstable solution
while the other two branches are stable, as shown by the
numerical simulations that follow. The vertical line followed
by the arrow shows the threshold of bifurcation whose value
is 0.61 V. The vertical dashed line shows the input tension
Vy=0.2 V for which the solutions corresponding to two dif-
ferent output tensions (the circles) are plotted in Fig. 7. The
solution before bifurcation at the threshold is ¢ (x),,
(analogous of the linear evanescent wave) with output Vi,
then ¢V(x),, with output V.

The threshold of bifurcation, obtained by canceling the
derivative of the expression of V; in terms of V3, is found to
be equal to 0.61 V, which is below the supratransmission
threshold of 0.78 V given by Eq. (18), a formula that holds
strictly for L— . Let us also mention that the solution is
actually multistable. Figure 6 displays the first threshold, but
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FIG. 7. The profiles of stable solutions at given input driving
amplitude V,=0.2 V. The solution with output V5 corresponds to
expression (30) while the profiles with output V, corresponds to
expression (28). The horizontal axis is the variable x=n. The ana-
Iytical expressions are compared with numerical simulations
(points) as described in the text.

increasing the vertical axis to large output values would
show multiple oscillations of the output V.

Before proceeding with an experimental realization of
that bistability prediction, it is necessary to check it on nu-
merical simulations of the model (3) of a real LC line, in
particular with inclusion of dissipation due to the nonvanish-
ing resistance of the inductance L. We have thus considered
the discrete LC line used in Sec. II with now a total length of
18 cells. An extra care is taken so as to avoid initial shock by
using a longer transient sequence and integration time
(10 ms). As a result, Fig. 8 shows striking agreement be-
tween the thresholds obtained analytically with our numeri-
cal simulations.

As the energy required to realize bifurcation remains in
the system, a stationary stable state will be reached with help
of dissipation. We have carried out two different simulations
(at »=1.201 MHz and r=0.5 Q)); first the input voltage is
increased steadily to 0.2 V, second it is increased to 0.63 V
(the threshold at this frequency and for a null dissipation is
equal to 0.61 V) and decreased to the same final value of

] P
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T 1.4 o ° L
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B 081 7
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FIG. 8. Comparison between the bifurcation thresholds found
numerically (diamonds) and analytically (dashed line) for an eigh-
teen cell line without dissipation.
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0.2 V. Figure 7 compares the moduli of the analytical pro-
files ‘1’2}1) and d)g) with the maximum voltage obtained nu-
merically on the electrical line qbflh)m and qbfi)m We conclude
that agreement between numerical simulations and theory is

fully demonstrated.

VI. EXPERIMENTAL RESULTS

In order to compare the numerical results with experimen-
tal measures, we first have to consider large resistance val-
ues. Indeed, according to our experimental measures, the ac-
tual resistance of the inductances for frequencies around
1.2 MHz is of the order of 40 (). We have thus carried out
numerical simulations so as to determine the thresholds for a
frequency of 1.201 MHz. As expected, the thresholds in-
crease with increasing resistance, e.g., 1.5 V for 10 (), 3.4 V
for 20 Q, and 4.3 V for 40 ().

Now the point is that for large voltage values, the Taylor
expansion of the varicap diode (1) is not accurate enough.
We have thus used a higher-order expansion given by [16]
which reads

C(V+V,)=C[1-2a,V,+3a,V> - 4a3V> + 5a,V: — 6asV°].
(46)

For a dc bias voltage of about 2 V, we obtain the following
values of parameters:

C=320 pF,

a, =02V, a,=00257 V2, a;=0.00222 V3,

a,;=122X10* V™ a5=35X10°V>  (47)

Another important point is the inductances values that
have a tolerance of 5%. This has a drastic consequence on
the definition of the theoretical threshold values as illus-
trated, e.g., by using the formula (4) for the definition of the
cutoff frequency and Eq. (18) for the supratransmission
threshold to obtain for a driving frequency of 1.23 MHz:

L e [210,230] uH = v, e [1.173,1.228] MHz,

Vi, € [0.97,5.15] V. (48)

Thus 5% of variations of the inductance L induces up to
150% of variation of the supratransmission threshold predic-
tion. A similar evaluation can be made with the values of the
varicap which influences also the nonlinear factors. Conse-
quently our experiments will focus on a demonstration of
bistable properties of a short electrical LC line together with
a qualitative comparison between experimental and numeri-
cal results.

We may then proceed to experimental measures on an
eighteen cell LC line as drawn in Fig. 1. For a driving fre-
quency of 1.2 MHz, Fig. 9 shows (logarithmic scale) the
output voltage versus input voltage (measured at the first
cell) which is steadily increased from 1 V to a maximum of
7 V (squares) and is then reduced to 2 V (crosses). The out-
put voltage is defined as half the difference between the
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FIG. 9. Experimental hysteresis curve obtained on an 18 cell LC
line at f=1.2 MHz. The points (a), (b), and (c) indicate the values
used to represent the output amplitudes in Fig. 10.

maxima and minima measured at cell 18 over a time span of
50 us. Similarly to Fig. 6, there exists an upper threshold
between 5.5 and 5.6 V, where the system bifurcates from
nonconducting to conducting regimes. These two different
regimes are illustrated in Figs. 10(a) and 10(b).

We have carried out similar measures with a frequency
varying from 1.2 to 1.3 MHz and obtained that the upper
bifurcation threshold steadily varies from 5.5 to 6.7 V. For
each frequency, twenty measures were made on two different
days. As the measurements of the inductance values were
made at room temperature, the experiments with the line
never lasted more than an hour to avoid component heating.
Temperature may cause significant threshold variations, for
instance, at 1.2 MHz, we observed variations in the range
5.5 to 6.2 V. Following this simple rule allowed us to obtain
values for the thresholds with a very small dispersion and
Fig. 11 displays the results of our measurements (vertical
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FIG. 10. Signal measured at cell 18 for the three driving ampli-
tudes shown in Fig. 9 at points (a), (b), and (c). Note the different
units on vertical axes.

066604-7



TSE VE KOON et al.

7 .
o] i ° ° ° ’

S o o ° " o

o ° o ° ¢

O 51 o

5 o o °

o 6 ¢

54

c

kel

7 31

o

5 o Experimental

& 21 ¢ Numerical

1

0 g T T -
1.2 1.22 1.24 1.26 1.28 1.3

Frequency (MHz)

FIG. 11. Bistability threshold measured experimentally (circles)
and numerically with a resistance coefficient of 40 ) (diamond) on
an 18 cell line for frequencies varying from 1.2 to 1.3 MHz.

bars show that negligible dispersion). Although the obtained
values are different, our numerical simulations have assumed
given values of inductance and given Taylor expansion of the
capacitance that may not be the actual ones. The interesting
result is the correct qualitative agreement seen in Fig. 11 of
the threshold variations.
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VII. CONCLUSION

We have realized an experimental demonstration of the
bistable nature of a discrete nonlinear system driven above
the cutoff. Our result is motivated and sustained by a com-
plete theory based on explicit analytical solutions in the con-
servative case and in the limit of slowly varying envelope
approximation. Although dissipation strongly affects the re-
sults, we have obtained a reasonable agreement between
measures and simulations, while excellent agreement be-
tween theory and simulations has been obtained in the
weakly dissipative case.

We have established the existence of cutoff solitons and
have proposed a very simple way of generating them. Using
the NLS limit envelope equation, we have obtained the for-
mula for the threshold amplitude above which soliton gen-
eration occurs by nonlinear supratransmission. Our formula
agrees extremely well with the numerical simulations, when
the driving is performed close to the upper band edge.

In the presence of dissipation, the threshold increases sig-
nificantly with increasing values of the resistance which af-
fects strongly the solitons generation process. The experi-
mental realization of cutoff soliton generation in the LC line
requires both a long line and components with low dissipa-
tion coefficients (we expect to build a 200-cell electrical line
soon).
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